Abstract. We give a new constructive proof of the composition rule for Taylor's functional calculus for commuting operators on a Banach space.
Introduction
Let X be a Banach space, let L(X) denote the space of bounded operators on X, and suppose that a 1 ; : : : ; a n 2 L(X) are commuting.
If p(z) = p(z 1 ; : : : ; z n ) is a polynomial then p(a) = p(a 1 ; : : : ; a n ) has a wellde ned meaning. Since the polynomials are dense in O(C n ) there is a continuous algebra homomorphism O(C n ) ! (a) L(X); (1.1) where (a) denotes the closed subalgebra of L(X) that is generated by a 1 ; : : : ; a n . The proper notion of joint spectrum (a) of the operators a 1 ; : : : ; a n was found by Taylor, 9] ; it is a compact subset of C n . Let (a) 00 denote the subalgebra of L(X) consisting of all operators that commute with all operators that commute with each a k . It is easy to see that (a) 00 is commutative. Taylor proved the following fundamental result in 10]. Theorem 1.1 (Taylor) . Let a 1 ; : : : ; a n be commuting operators on a Banach space with joint spectrum (a). There is a continuous algebra homomorphism g 7 ! g(a) from O( (a)) into (a) 00 that extends (1.1). Moreover, if g = (g 1 ; : : : ; g m ) is a holomorphic mapping, g j 2 O( (a)), and g(a) = (g 1 (a); : : : ; g m (a)), then (g(a)) = g( (a)):
Taylor's original proof of this theorem was based on representation of holomorphic functions by means of Cauchy Weyl formulas. Later on, in 11] and 12], he made the construction with homological methods.
Suppose that g 2 O( (a)) is a holomorphic mapping and that f 2 O(g( (a))). In view of (1.2), both f g(a) and f (g(a)) has meaning and it is natural to ask if they coincide. Putinar proved in 7] by homological methods that this question has an a rmative answer. Theorem 1.2 (Putinar) . Suppose that g = (g 1 ; : : : ; g m ) is a mapping, g j 2 O( (a)), g(a) = (g 1 (a); : : : ; g m (a)) and that f 2 O(g( (a))). In the case with several commuting operators, the resolvent ! z?a is an (a) 00 -valued cohomology class in C n n (a). In 1] we gave a new constructive proof of Taylor's theorem. From the very de nition of the spectrum (a) we de ned, for each x 2 X, a closed X-valued (n; n ? 1)-form in C n n (a) that represents the class ! z?a 
Then (Ta) = T (a):
We already know from Theorem 1.1 that T (a) = (Ta) so both sides make sense. The lemma is the special case of Theorem 1.2 when g is linear; for a proof see, e.g., 1] Theorem 3.1.
Let us now consider commuting operators a 1 ; : : : ; a n ; b 1 ; : : : ; b m . It follows from Lemma 2.1 that (a; b) (a) (b).
We will now recall cf., formula (3.6) in 1].
Let (z) and (w) be cuto functions that are identically 1 in neighborhoods of (a) and (b) respectively. Moreover let G(z; w) be holomorphic in a neighborhood of (a) (b). Then Integration by parts in this formula yields, cf., formula (3. Now, T h(z; ) = f g(z) 1, and hence T h(a; b) = f g(a) according to (2.3) . Summing up, we get the desired equality f (g(a)) = f g(a).
